The knowledge of the Support Function (SF) of a smooth and strictly convex obstacle allows one to reconstruct the obstacle. The SF can be computed if the Scattering Amplitude is known for large values of the wave number k. For the values of k in the resonance region, the SF can only be found approximately. Nevertheless, the results of this paper show that such an SF can be used to find an approximate location of the obstacle. The method is inexpensive, and it does not require extensive data.
Introduction
Let an obstacle be a bounded domain D ⊂ R 2 with a Lipschitz boundary Γ. Fix a frequency k > 0 and denote the exterior domain by D = R 2 \D. Let α ∈ S 1 , and the incident field be
The Direct Acoustic Obstacle Scattering Problem for the Dirichlet boundary conditions consists of finding the total field
such that
and the scattered field v(x) satisfies the Sommerfeld radiation condition
where the limit is attained uniformly for all the directions x/ |x| , x ∈ R 2 . The scattered field v(x) has an asymptotic representation
where the uniquely defined function A(α , α) is called the Scattering Amplitude of the Obstacle Scattering Problem, see, e.g. 2 . The Inverse Scattering Problem consists of finding the obstacle D from the Scattering Amplitude, or similarly observed data. In this note the Support Function Method (SFM) originally described in a 3-D setting in 2 is used to approximately locate the obstacle D. The SFM is described in Section 2, and the numerical results are presented in Section 3.
The Support Function Method (SFM).
The SFM was originally developed in 2 , pp 94-99. It identifies smooth, strictly convex, obstacles from the knowledge of the Scattering Amplitude at high wave numbers k. In this paper we study the numerical performance of the SFM in the resonance region. One can restate the SFM in a 2-D setting as follows.
Let D ⊂ R 2 be a smooth and strictly convex obstacle with the boundary Γ. Let ν(y) be the unique outward unit normal vector to Γ at y ∈ Γ. Fix an incident direction α ∈ S 1 . Then the boundary Γ can be decomposed into the following two parts:
which are, correspondingly, the illuminated and the shadowed parts of the boundary for the chosen incident direction α.
Given α ∈ S 1 , its specular point s 0 (α) ∈ Γ + is defined from the condition:
Note that the equation of the tangent line to Γ + at s 0 is
and
The Support function d(α) is defined by
Thus |d(α)| is the distance from the origin to the unique tangent line to Γ + perpendicular to the incident vector α. Since the obstacle D is assumed to be convex
The boundary Γ of D is smooth, hence so is the Support Function. The knowledge of this function allows one to reconstruct the boundary Γ using the following procedure. Parametrize unit vectors l ∈ S 1 by l(t) = (cos t, sin t), 0 ≤ t < 2π and define
Equation (9) and the definition of the Support Function give
Since Γ is the envelope of its tangent lines, its equation can be found from (14) and
Therefore the parametric equations of the boundary Γ are
So, the question is how to construct the Support function d(l), l ∈ S 1 from the knowledge of the Scattering Amplitude. In 2-D the Scattering Amplitude is related to the total field u = u 0 + v by
In the Kirchhoff (high frequency) approximation one sets
on the illuminated part Γ + of the boundary Γ, and
on the shadowed part Γ − . Therefore, in this approximation,
Let L be the length of Γ + , and y = y(ζ), 0 ≤ ζ ≤ L be its arc length parametrization. Then
Let ζ 0 ∈ [0, L] be such that s 0 = y(ζ 0 ) is the specular point of the unit vector l, where
Then ν(s 0 ) = −l, and
Therefore, due to the strict convexity of D, ζ 0 is also the unique nondegenerate stationary point of ϕ(ζ) on the interval [0, L], that is ϕ (ζ 0 ) = 0, and ϕ (ζ 0 ) = 0. According to the Stationary Phase method 
Using (23)-(24), expression (21) becomes:
At the specular point one has l · α = −l · α. By the definition α − α = l |α − α |. Hence l·(α−α ) = |α − α | and 2l·α = |α − α |. These equalities and
Approximation
can be used for an approximate recovery of the curvature and the support function (modulo 2π/k |α − α |) of the obstacle. The uncertainty in the support function determination can be remedied by using different combinations of vectors α and α .
Numerical results.
In this numerical experiment the obstacle is the circle
It is reconstructed using the Support Function Method for two frequencies in the resonance region: k = 1.0, and k = 5.0. Table 1 
where α = x/ |x| = e iθ , and α = e iβ . Vectors α and α are defined by their polar angles shown in Table 1 . Table 1 shows that only vectors α close to the vector l are suitable for the Scattering Amplitude approximation. This shows the practical importance of the backscattering data. As mentioned at the end of Section 2, any single combination of vectors α and α representing l is not sufficient to uniquely determine the Support Function d(l) from (27) because of the phase uncertainty. However, one can remedy this by using more than one pair of vectors α and α as follows. Let l ∈ S 1 be fixed. Let 
, where α = α (α) is defined by l and α according to (22) , and the integration is done over α ∈ R(l). If the approximation (27) were exact for any α ∈ R(l), then the value of Ψ(d(l)) would be zero. This justifies the use of the minimizer t 0 ∈ R of the function Ψ(t) as an approximate value of the Support Function d(l). If the Support Function is known for sufficiently many directions l ∈ S 1 , the obstacle can be localized using (12) with other methods (such as the Modified Rayleigh Conjecture (MRC) method, see 1 , 4 ), which can provide a more precise identification, given an approximate location of the obstacle.
